The calculation of two-dimensional, turbulent, separated flow using the boundary-layer equations has achieved some degree of success, as reported in Refs. 1 through 5. Provided solutions of the boundary-layer equations yield acceptable engineering accuracy, their use to i compute flows with separation is attractive because of simplicity and cost reduction compared to solution of the full Navier-Stokes equations. Boundary-layer computation methods can be classed as either integral or differential techniques. In general, integral methods are simpler and require fewer computational resources than do differential methods because of the built-in empiricism such as a velocity profile representation and auxiliary relations for shape factors, skin friction, etc. This report presents a means of analytically describing separated turbulent boundary-layer velocity profiles. The velocity profile representation is used to develop a skin friction and shape factor correlation for turbulent separated flow.
ANALYTICAL DESCRIPTION OF SEPARATED BOUNDARY-LAYER VELOCITY PROFILES
The equation proposed to describe reversed flow velocity profiles on smooth, impermeable, adiabatic walls is an extension of the expression presented by Whitfield (Ref. 6) (2) where
--t Z and the subscript "i" refers to the inner region. Assumptions made in deriving Eq. (2) for attached flow were as follows: (1) the total shear stress (molecular plus turbulent) is constant and equal to the wall value, ~w; (2) the density is constant in the wall region; (3) the turbulent kinetic energy is proportional to the Reynolds stress, -< u' v' > ; and (4) the turbulent kinetic energy (or -< u' v' >) is an explicit function of fi +. These assumptions are also made herein to retain the form of Eq. (2).
The slope of the velocity profile at the wall, computed from Eq. (2), is positive for ~f > 0. A negative slope for separated flow can be obtained by taking the velocity distribution as
ul 0.09
and defining fit as
The outer expression is derived such that the complete solution, Eq. (1), approaches the correct asymptotes at the wall and infinity. From Eq. (6), as y --oo, fi,+---~'/0.18. Therefore, for fi+ to have the correct limiting value of fleaS y -oo, rio+ must behave as
as y --oo. In addition, because fi+behaves correctly for small values of y, fio + must behave as rio + --0 as y --0. Therefore, in terms of the outer variable, ~/0, the form considered in Ref. 6 ,
is retained, where g(.~/0) behaves as g(0) --0 and g(oo) = 1.
In Ref. 6, the form of g(.~/0) was determined from the analytical relation for attached flows, as follows:
This relationship was plotted versus ~/0 for numerous experimentally measured velocity profiles. The resulting curves were analytically fit by the relation E J The only difference between the expression derived in Ref. 6 (for attached flow) and Eq. (12) is the appearance of a negative sign in the coefficients of the trigonometric functions which is a consequence of modifying Eq. (2) so that a negative velocity slope occurs at the wall for separated flow. Thus, a convenient method to extend the result obtained in Ref. 6 for attached boundary-layer velocity profiles to include profiles with reversed flow is to define and rewrite Eq. (12) where the parameters a and b are functions of Cr, H, and Ree.
3.0 PROFILE CORRELATIONS
FITTING OF VELOCITY PROFILES
Experimentally measured velocity profiles were used to determine the parameters a, b, and ~e + which appear in Eq. (14). The determination of fie + provides a means of estimating skin friction for separated flows in a manner similar to that used by Clauser (Ref. 8) for attached, incompressible, turbulent boundary layers. Unfortunately, only two experiments involving detailed flow measurements in a separated turbulent boundary layer could be found in the literature: the experiment of Simpson et al. (Ref. 9) , which involved an incompressible flow with an airfoil-type pressure distribution, and the experimental investigation of Alber et al. (Ref. 10) , who probed the transonic flow over a bump on a wind tunnel wall.
Rearranging the argument of the inverse tangent term of Eq. (14), The important consequence of the latter manipulations is that the velocity ratio fi/fie (U/fie = f+/fie +) is now a function of the physical distance, y, local unit Reynolds number, and local skin friction (incompressible). Because the available experimental data do not have significant compressibility effects, the approximation Re • ~ --'-Re ° y was used. Therefore, given f/re at three points in the boundary layer, a system of three equations [Eq. (20) The experimentally measured velocity profiles of Simpson (Ref. 9) and Alber (Ref. 10) were fit using the above procedure; that is, for each measured profile, Eq. (20) was solved iteratively (by Newton's method) for fie +, ~', and b. These parameters are different for each velocity profile. Achieving the best fit of a given velocity profile was a trial and error process which consisted of changing the three points needed to fit the profile. Note that fie+ is, by definition, always positive. For the separated profiles, a negative skin friction was inferred by knowing, a priori, that the measured velocity near the wall was negative. Therefore, for fitting the velocity profile, Eq. (13) was modified to be S _ Comparisons of fitted and measured velocity profiles (separated and attached) for both experimental investigations are presented in Fig. 1 . The agreement is reasonably good throughout the entire range of y. This was the case for nearly all the experimentally measured profiles considered for evaluation. For each separated profile, the best fit resulted from using the maximum negative velocity ratio as the first point from the wall. 
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It should be noted that the measurements of Alber (Ref. 10) were in the transonic regime whereas Eq. (20) was developed for incompressible flows. However, it was reported by Lewis, Kubota, and Webb (Ref. ll) that for compressible flows (up to Me = 8.18), the relation (22) is suitable for relating compressible variables to their incompressible Furthermore, Whitfield (Ref. 6) shows that to a reasonable approximation counterparts.
v y
Ok where Ok refers to the kinematic boundary-layer momentum thickness defined by
Therefore, Eq. (20) The form of the second term of Eq. (30) was chosen such that for shape factors less than about 2.3, the expression degenerates into the relationship given by White (Ref. 15) . Any dependence of the incompressible skin friction on Reynolds number has been assumed to be accounted for by the first term of Eq. (30) [for H ~> 3.5, ~0 has little effect on ~, according to Eq. (30)].
SHAPE FACTOR CORRELATION
1
The parameters a and b which appear in Eq. (14) 
represents the large shape factor data reasonably well (Fig. 3a) whereas the proposed variation of fi/fie with H" at ,~/0 = 5,
falls below the data inferred from the Alber experiment (Fig. 3b) that the 0 used in determining the velocity ratio of ~/~ = 2 and 5 was obtained by numerically integrating the fitted "raw" profile (dimensional y versus U/~e) using the relation (33) as opposed to using the experimentally determined momentum thickness. This was done so that the resulting correlations would be consistent with the velocity profile, Eq. (14). The relationships between compressible and incompressible variables, Eqs. (22) and (23), were used when the compressible data of Alber (Ref. 10) were correlated.
Equations (31) and (32) can be used to generate separated, incompressible, turbulent boundary-layer velocity profiles from H, u+e, and Re0. The procedure is outlined in Table 1 . The velocity profile, Eq. (14), was used to carry out the numerical integrations (using Simpson's integration) necessary to establish the correlation between He. and H. Because Cf = Cf (H, Real Eq. (30) , the velocity profile is only a function of H and Re0. As pointed out by Whitfield (Ref. 16) , the influence of Re0 on the velocity profile is small compared to that of H~. The results presented are for a representative turbulent momentum thickness Reynolds number, Ree = 50,000. 
CONCLUDING REMARKS
An analytical expression that reasonably describes the velocity distribution in a separated, turbulent boundary layer has been developed. The expression is an extension of the form derived by Whitfield (Ref. 6) for attached flows on smooth, impermeable, adiabatic walls. The analytical expression was fit to available experimentally measured, separated velocity profiles to establish velocity correlations for U/Ue at ~/v = 2 and 5 and to establish a local skin friction correlation in the form Cf = Cf (H, Rev), which allows Cr to become negative. These correlations and the analytical velocity profile ~xpression were used to obtain a reversed flow boundary-layer shape factor correlation. The analytical velocity profile expression depends on local values of skin friction, shape factor, and Reynolds number based on momentum thickness, and describes attached or separated flow over the entire y domain (0 < y < oo).
Because of the relatively small amount of experimental data which were available, the relations developed cannot yet be considered universally applicable to all flow situations. The correlations should be improved as more experimental data become available. 
